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Let R be a noetherian domain which is not a field. Define p(R), the elaslicity of 
R, to be sup(X), where X is the subset of Q defined by 
X= {m/n: there exist irreducibles IT,, x2, . . . . n,, r,, r2, . . . . T,, E R 
with ~~,A~...~,=T,T~.,.T,}. 
Thus p(R) in part measures the failure of R to be a unique factorization domain. 
Let A denote the integers of K, a number field with class group C and class number 
h. By elementary number theory and a theorem of L. Carlitz (Proc. Amer. Math. 
Sot. 11 (1960), 391-392) one knows that p(A)= 1 if, and only if, hC2. We show 
here that 
(i) p(A) is bounded from above by h/2, provided that C is nontrivial. 
(ii) p(A) is bounded from below by an expression which depends only on the 
elementary divisor decomposition of C and which is greater than or equal to half 
the exponent of C; in particular, this agrees with the upper bound given in (i) in 
the special case that C is cyclic. 
(iii) p(A) -cc ash-co. 
The actual bound in (i) is somewhat sharper and involves a newly defined group 
invariant called sequential depth, which is fundamental to our discussion. Q 1990 
Academic Press, Inc. 
1. INTRODUCTION 
Throughout, let K denote an algebraic number field with class number 
h; and let A be the integral closure of Z in K. The problem of the inter- 
pretation of h as a measure of the failure of unique factorization in A is an 
old and fascinating one. (See for instance, [K, Ml.) It is well known that 
A is a unique factorization domain if and only if h = 1. Just as striking is 
the following theorem due to L. Carlitz [Cl: Every irreducible factorization 
of any given element of 4 contains the same number of factors if and only 
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5f h 6 2. (A ring element is called irreducible if each of its factorizations 
involves units; we reserve the term prime for ideals.) The content of this 
note is an extension and refinement of Carlitz’s methods to yield the results 
given shortly. The following definition is central to the discussion. 
DEFINITION. Let R be a noetherian domain which is not a field. Define 
a nonempty subset X of Q by 
X= (m/n: there exist irreducibles n,, nz, . . . . 7c ,,,, t,, T?, . . . . Z,,E R 
with rc,rcZ... 7T,=T,T~~~~t,}. 
Set p(R) = sup(X) (possibly infinite). We call p(R) the elasticity of R. 
Carlitz’s Theorem accordingly admits restatement: For A and h as 
above. 
p(A)= I-h<‘. 
In our present discourse, we show that p(A) is always finite (in fact, 
bounded by h/2) (Proposition 4) and make a fundamental calculation 
(Proposition 5). We shall see that the elasticity of a ring of integers answers 
to the sequential depth of the corresponding class group (defined in Section 
2). More significantly, we prove in Section 3 the following complementary 
theorem. 
THEOREM. p(A)-+ cc as h+ oo. 
2. ELASTICITY OF RINGS AND SEQUENTIAL DEPTH OF GROUPS 
We state two basic propositions which are implicit in [Cl. The proofs 
follow easily from the general theory of Dedekind rings and are therefore 
omitted. (See [J, Chapt. I].) 
PROPOSITION 1. Let PlrPz, . . . . P, be a family of prime ideals of A, und 
suppose that 
for some II E A. Then n is an irreducible element of A if and on1.v zf there is 
no proper subfamily of P,, Pz, . . . . P, whose product is principal. 
COROLLARY. Suppose that the prime ideal P of A represents an element 
of order r in C(K), the class group of K, with P’= nA. Then z is irreducible. 
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~OP~SITION 2. Let a E A, and suppose that 
crA= h Pj, 
j=l 
where Pi is a prime ideal of A, 1 < j < r. Then for every irreducible factoriza- 
tion 
a=7c,7c2...7tn (*) 
of a E A, there exists a partition 0 = (O,}, <k < n of ( 1,2, . . . . r} such that . . 
(i) nkA=fljEO, Pj (1 <k<n); 
(ii) no proper subfamily of (Pj>j, ok has principal product, 1 < k < n. 
Conversely, every partition 0 satisfying (i) and (ii) yields an irreducible 
factorization (*). 
We now introduce a purely group-theoretic notion. The connection with 
elasticity is made in Proposition 4 via Proposition 2. 
DEFINITION. Let G be a nontrivial group with identity e. Define a subset 
X of N as follows: 
X= {r: there exists a family sr, s2, . . . . s, E G such that there is 
no subfamily whose product (in some order) is e}. 
Set o(G) = 1 + sup(X) (possibly infinite). We call a(G) the sequential depth 
of G. 
Thus if a(G) is finite, any family of a(G) elements of G admits a sub- 
family whose product (in some order) is e. We do not know if sequential 
depth has been studied elsewhere. In any case, the next proposition and 
corollary are sufficient to our present purposes. 
FROP~SITION 3. For all nontrivial finite groups G, o(G) 6 o(G). 
COROLLARY. Let W,, denote the cyclic group of order n. Then a(%‘,,) = n 
for all n > 1. 
The corollary follows at once: If %?,, is generated by s, consider the con- 
stant sequence sk = s, 1 <k d n - 1. Clearly no subsequence has product e. 
Proof of Proposition 3. Let G have order n and suppose that 
31, 32, . . . . s, lie in G. Set tk=s1s2.-.sk, 1 <k d n. If no tk is e, we must have 
t,=t, for some k and I with 1 dk<l<n. But then s~+~ ..,s[=e and 
o(G)bn. I 
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Remark. The equality a(G) = o(G) does not hold in general. For 
example, the reader may check that a(& x $) = 5. 
PROPOSITION 4. Let K, A, and h be as in the introduction, and suppose 
that K has nontrivial class group C. Then 
p(A) < a(C)/2 <h/2. 
In particular, p(A) is finite. 
Proof. Let a E A be a nonzero nonunit, and suppose that aA has the 
prime factorization 
j=l 
Define a subset X, of N by 
X, = {r: there exists an irreducible factorization of a of length r> 
Let n,=inf(X,), m, = sup(X,), and set pII = m,/n,. Clearly p(A)= 
sup{pa:aEA-AX, af0). 
Now according to Proposition 2, we have also 
X, = {r: there exists a partition 0 = (O,} , G kd r of (1,2, . . . . s,} such that 
njEOk Pi is principal, but the product of any proper subfamily 
is not, 1 <k<rj. 
Thus since we are interested in maximal p#, we may make two successive 
assumptions: 
(1) The prime factorization of aA contains nonprincipal prime ideals. 
(Such a exist since h = o(C) > 1. Moreover, if a fails to conform to this 
condition, Card(X,) = 1, whence p. = 1.) 
(2) The prime factorization of aA contains only nonprincipal prime 
ideals. (For otherwise deletion of, say, d such factors gives rise to a new 
element /3 E A - A x such that X, is precisely X, translated by -d, that is, 
Xp = X, - d. Consequently, pa > p,.) 
With (1) and (2) in force, for every component 0, of every partition 0 
appearing in our last description of X,, we have 
Therefore 
Hence 
2 d Card( 0,) < g(C). 
m, < sd2 and s,/a(C) < n,. 
Pz d 4Cvz 
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and since this inequality holds independently of a, the first inequality of the 
theorem is established. The second follows from Proposition 3. 1 
Observe that the sequential depth of the class group is precisely the 
supremum of the lengths of prime factorizations of ideals ctA where a varies 
over the irreducible elements of A. 
We conclude this section with a calculation, exhibiting two special cases 
as corollaries. The heart of the argument is due to Carlitz; taken together, 
the corollaries imply his theorem. 
PROPOSITION 5. Suppose that C contains a nontrivial subgroup H with 
elementary divisor decomposition 
H=W,,,x%“,x ... x%~, 
(30 that nklnkcl, 1 <k<t- 1). Let 
Then 
Proof Let Pk be a prime ideal representing a generator for the kth 
factor of the elementary divisor decomposition of H, 1 <k < t, and let 
P f+l be a prime ideal representing the ideal class inverse to the product 
P,Pz*.* P, in C. Such primes exist by the generalized Dirichlet Theorem. 
(See [J, Theorem 10.3, p. 1821, for instance.) Then by Proposition 1, 
P,P,...P,,,=rtA (**) 
P”‘= ?C,A k (1 <k<t) 
P::, =n,+,A 
with 7~, rci, rrt2 ,..., rc,+r irreducible in A. Raising both sides of (**) to the 
power n,, we find that 
y.p = u71”‘/“171”J”2 
i 2 “-~,~,+I 
for some r4EAX, whence the assertion follows. 1 
It is easily checked that maximal values for [ and [-’ arise in connection 
with subgroups of type %‘i, as described presently. 
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COROLLARY 1. Suppose that C contains a subgroup qf t.vpe %?i, n > 1. 
Then 
M)>max (2, G}. 
COROLLARY 2. Zf C contains a subgroup of type %?,,, then p(A) >/ n/2. In 
particular, p(A) is greater than or equal to haEf the exponenf of C. Zf indeed 
C = ‘G, (n > l), then p(A) = n/2 (by Propositions 3 and 4). 
EXAMPLE. Let K=Q(S), with S2 = - 23. Then h= 3 [M, p. 2241 and 
A = Z 0 i( 1 + 6)Z. We shall see that the apparent anomaly 
3.3.3 = (2 + 6)(2 - 6) (#I 
is eminently predictable. For by elementary techniques (see, for instance, 
[J, 1.7]), one may show that 3A has a prime factorization of the form 
3A=PQ 
with P # Q. Moreover, since 3 remains irreducible in A, P and Q are non- 
principal and represent inverse elements of the class group, both of course 
of order 3. Hence Eq. (# ) is a matter of associativity and commutativity; 
we have 
where one knows ex post facto that, say, 7c1 = (2 + 6), rrn2 = (2 - 6). 
~.THEPROOFTHATP(A)-+~~ ASh-+cc 
We require the following group-theoretic lemma, proved below. 
LEMMA. Let G be a finite abelian group, and suppose that 
o(G) > ST 
for some integers S > 1, T > 0. Then either 
(i) G contains a subgroup of type V,, for some n > S, or 
(ii) G contains a. subgroup of type %?i for some t > T, Sa n > 1. 
Granting this, let A4 > 1 be given. Choose 
N > (2&I)*“‘. 
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We claim that p(A) > M whenever h = o(C) > N. For if a(C) > N, by the 
Lemma, one of the following two alternatives holds, with consequences as 
noted. 
(1) C contains a subgroup of type +?” for some n > 2M. Then by 
Proposition 5, Corollary 2, p(A) B n/2 > M. 
(2) C contains a subgroup of type UL for some t > 2M2, 2M> n > 1. 
In this case, by Proposition 5, Corollary 1, 
t+l 2M2 
P(A)3n> --MM. 2M 
This concludes the proof of the theorem. 
Proof of Lemma. Let G have elementary divisor decomposition 
(so that ~ln~+~, 1 6 k < t - 1, and in particular, n, <n,). Note that 
o(G)=n,n, . . . n, and that G contains a subgroup of type Ui,. Now 
suppose that o(G) > ST, but alternative (i) fails. Then n, < S, and 
ST < o(G) ,< n: < S’. 
Therefore t > T, and (ii) holds. 8 
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